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Abstract
We find all possible static embeddings of a 4-brane in any dimension-6 space-
time with 4-dimensional Poincare´ symmetry and a negative cosmological con-
stant, subject to orbifolding across the brane. Our new solutions allow in-
tersecting branes at an angle determined by a new dynamical parameter. A
collection of branes intersecting in one 3-brane allows an arbitrary excess
angle that can be related to a vacuum density along the intersection. The
3-brane must be stabilized by additional fine-tuned interactions. We also note
that localization of gravity is tied to the approximate fine tuning of the brane
tensions.
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I. INTRODUCTION
In the seminal paper [1] gravity lives in five-dimensional anti de-Sitter (AdS5) spacetime,
infinite but strongly curved. Due to the presence of one graviton bound state, related to
the finite proper size of “bulk” spacetime, gravity is effectively localized to a 4-dimensional
“brane”. This mechanism however works only on codimension 1 branes but could be in-
directly generalized [2] by placing D − 4 codimension 1 branes intersecting in one 3-brane
(our world). The brane tension of each of these 4-branes localizes gravity in the respective
dimension. Models have been built and their cosmological consequences analyzed in [3].
This geometric setup has also been used to address the cosmological constant. Static
embeddings of 3-branes in AdS5 spacetimes were found [4] where the induced metric is
dS, Minkowski or AdS; the curvature of the brane could be made much smaller than the
brane tension. The same solution, now for a 4-brane in 6 dimensions, was rediscovered in
conformally flat form in [5]. It was observed in this paper that it is possible to embed a static
4-brane, plane in conformal coordinates, at any angle φ determined by the brane tension,
sinφ = σ/σc, where σc is a critical value for the brane tension. A vanishing observed
cosmological constant (i.e. flat induced metric) is produced when σ = σc. Cutting out
wedges of the bulk AdS5 with some angle φ and pasting together n copies can accommodate
an excess angle nφ−2pi. This must match the 3-brane vacuum energy in the intersection. The
wedges are stabilized by imposing orbifold boundary conditions on each 4-brane. Whereas
in the original Randall-Sundrum models [1,6] the 3-brane tension is fine tuned to the bulk
cosmological constant, here it must be fine tuned to match the excess angle, a function of
the 4-brane tensions.
A similar setup with different bulk cosmological constants in each wedge is considered
in [7], although without the introduction of an excess angle and correspondingly, without
a 3-brane tension. It has been speculated in this reference that an additional parameter of
the solution could resolve the one remaining fine tuning. What we need is a flat direction;
then a new dynamical mechanism could stabilize the cosmological constant at zero value.
Any additional vacuum energy would result in the readjustment of the brane angles and the
additional parameter.
In this paper we find such an additional parameter. Using Gaussian normal coordinates
(GNC) of a 4-brane, we write down all vacuum solutions in the bulk (with a negative
cosmological constant), satisfying the Ansatz with signature + + + ++−1
ds2 = dw2 +B(w, y)dy2 + A(w, y)ηµνdx
µdxν . (1)
The 4-brane is located at w = 0. The stability of the brane with orbifold boundary conditions
(i.e. w ↔ −w identified while y, xµ are fixed) comes down to the Israel conditions [8] on the
extrinsic curvature, Kab = −σ2hab, where σ is the 4-brane tension in appropriate units (hab
is the extrinsic curvature of the brane).
There is considerable freedom in transforming the coordinates, still within the Ansatz
of Eq. (1). In addition, the same bulk metric is found starting with brane with different
1Allowing more than one timelike coordinate some restrictions on the brane tension disappear.
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tensions, embedded at various angles. After eliminating all these ambiguities we are left
with four different solutions (in each case the y coordinate is chosen to render the induced
metric conformally flat):
• A solution A in which only a supercritical tension brane can be embedded, σ > σc,
where the induced metric has two curvature singularities at finite y → ±y∗ (these are
also at finite proper distance)
and three solutions where only σ < σc branes can be embedded, namely
• A solution B where the induced metric has a curvature singularity at finite proper and
coordinate) distance y → −y∗ and an AdS horizon at y → y+.
• A solution C with AdS horizon at both y → ±y+. The w → ∞ limit is also asymp-
totically AdS.
• A solution D where both the bulk and the induced metric are AdS. This is the solution
found previously [4,5,7].
(We do not consider the fine tuned case, σ = σc.)
All these solutions are vacuum solutions with a negative cosmological constant in the
bulk, i.e. solutions with constant scalar curvature. With the exception of D, however, they
are not maximally symmetric. The induced metric is not even a vacuum solution. It is worth
noting that the corresponding embedding of 3-branes in 5 dimensional spacetimes can be
similarly found, but the new solutions have little value because the induced 3-brane metric
does not resemble our world at all.
All our solutions have four-dimensional Poincare´ invariance and can be trivially general-
ized to any maximally symmetric 4-dimensional metric replacing ηµν in Eq. (1). Eventually
the function A(w, y) is the same in that case, only B(w, y) is changed. The solutions have
a complicated mathematical form and are expressed in an implicit form as solutions of
algebraic equations involving special functions.
The usual picture of localization of gravity to a codimension one brane acquires some
peculiar features when the brane tension differs from the fine tuned value. The warp factor
that effectively compactifies the bulk decreases up to a distance O
(
σ
σc−σ lAdS
)
in the extra
dimension, but further away from the brane it starts to grow exponentially. The resulting
“tail” of the graviton wave function eventually delocalizes brane gravity. This effect is absent
for exact fine tuning and is also relevant for 3-branes embedded in a 5 dimensional bulk, e.g.
for the models in [4,5,7]. Models in which the brane tensions are far from their critical value
do not seem to have brane gravity at all. We discuss in what extent this can be considered
a coordinate artifact in Sec. II B.
At any point along the brane, another brane can be inserted at an angle determined by
its tension. In coordinates where the first brane has a conformally flat induced metric, the
second brane is curved. The (covariant) angle between the branes is φ = pi± 2 arcsin(σ/V ).
The quantity V is independent of the tension of the second brane but changes as the inter-
section point is moved along the first brane (± corresponds to two solutions and tells if A
increases or decreases as one moves away from the intersection along the brane). For ex-
ample, close to the curvature singularity V →∞. Consequently, when several such wedges
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are sewn together in the same point, all branes will have the same parameter V . Now the
induced metric on each brane is determined only by this V (and the choice of the ± sign),
so that the first and last branes can always be identified in order to build a manifold around
the intersection. The orbifolding condition only requires, for global consistency, that every
second brane around the intersection has the same tension (and ± sign).
The new parameter V tells what part of the full 6-dimensional spacetime is cut away.
Its emergence is due to the fact that the solution is not maximally symmetric. In the case
of and AdS6 solution, when the intersection point is shifted, the change in the metric can
be compensated by a coordinate transformation, i.e. all points are physically equivalent.
In our spacetime this is not so and V parameterizes this difference. Because the angle
of the wedges depends on V , so does the total excess angle. The topological requirement
that a vacuum density produces an excess angle can be satisfied without fine tuning: the
gravitational equations simply set the brane angles and the parameter V to the consistent
value.
When a brane tension is put on the 3-brane, another condition arises [9,10] which has
not been discussed in [5,7]. A positive 3-brane tension tries to minimize the 4-volume,
which corresponds to minimizing the value of A(w, y) at the intersection. There is such a
minimum only in case C. Now at the minimum the value of V is zero, so we loose the
additional freedom we had when we only needed to stabilize the 4-branes. For purposes
of illustration we consider the following unusual but consistent geometry. We take two
branes (to be identified), of finite length. At each end the two are joined and the covariant
intersection angle is taken to be more than 2pi. Upon identifying the two branes we find
an asymptotically AdS6 spacetime which satisfies the gravitational equations except the
minimizing of A(w, y). Introducing some additional repulsive interaction between the two
3-branes, one can keep them several (6-dimensional) Plank lengths apart to ensure the
cancellation of the 4-dimensional cosmological constant. This requires a fine tuning of the
new coupling constants.
The paper is organized as follows. In Sec. II we describe all possible embeddings of a 4-
brane with 4-dimensional Poincare´ invariance and detail our observations on the localization
of gravity to the brane. Sec. III shows how intersecting branes can be embedded and explains
the emerging additional parameter. In Sec. IV we show that these joining branes can be
sewn together in a global manifold and illustrate on a simple model why the additional
interaction strengths need to be fine tuned.
II. STATIC 4-BRANES IN 6 DIMENSIONS
As explained in the introduction, we are looking for solutions to the six-dimensional
Einstein equations:
Gab ≡ Rab − R
2
gab − gab = 0. (2)
These equations follow from the action with a number of branes included,
S[g] =
∫
bulk
(Λ6 − 2M46R[g]) +
∫
4−brane(s)
Λ5, (3)
4
while the units are so chosen that the bulk cosmological constant is set to −1:
Λ6
4M46
→ −1. (4)
We are looking at metrics that satisfy the Ansatz of Eq. (1) and the Israel conditions [8]
at w = 0,
Kab = −σ
2
hab. with σ =
Λ5
8M36
(5)
These conditions ensure that keeping the w ≥ 0 half plane and pasting back on another
copy with w ↔ −w identified can accommodate a 4-brane with tension σ. Note that the
critical (“fine tuned”) value of the 4-brane tension is at σc =
√
2
5
in our notation.
A direct calculation shows that the Einstein equations in the bulk become
0 =
(
4
Ayy
A
+
A2y
A2
− 2Ay
A
By
B
)
+
(
3
A2w
A2
+ 2
Aw
A
Bw
B
− 2
)
B (6)
0 =
(
6
Ayy
A
− 3Ay
A
By
B
)
+
(
6
Aww
A
+ 3
Aw
A
Bw
B
+ 2
Bww
B
− B
2
w
B2
− 4
)
B (7)
0 = 3
A2y
A2
−
(
2− A
2
w
A2
− 4Aww
A
)
B (8)
0 =
AyAw
A2
− 2Ayw
A
+
Aw
A
Bw
B
(9)
while the Israel conditions are satisfied at w = 0,
Aw
A
= −σ and Bw
B
= −σ. (10)
In the following we use the notation A(w, y) = ea(w,y). Observe from Eq. (8) that we
either have ay = 0 and 2−5a2w−4aww = 0 simultaneously, or ay 6= 0 and 2−5a2w−4aww > 0.
By calculating the curvature tensor element of Rwtt
w we observe that a necessary condition
to have a maximally symmetric bulk solution2 is 2− 5a2w − 10aww ≡ 0.
In order to solve these equations in the ay 6= 0 case we first express B from Eq. (8),
B =
3a2y
2− 5a2w − 4aww
, (11)
and substitute this back into Eq. (9). The result contains only w-derivatives and can be
solved as an ordinary differential equation for aw along the y = const lines, which by
construction are the brane orthogonal geodesics with affine parameter w:
2That is, one satisfying Rabcd =
R
30 (gacgbd − gadgbc).
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∂w
(2− 5a2w − 10aww)2
(2− 5a2w − 4aww)5
= 0. (12)
This is a first order differential equation on aw with boundary condition aw(w = 0) = −σ,
so that once the w-independent function c1(y) = (2− 5a2w − 10aww)2/(2− 5a2w − 4aww)5 is
specified it has one unique solution. It is not hard to see that Eq. (7) is a consequence of
Eqs. (8,12). The boundary condition on Bw trivially follows from Eq. (9). Now Eq. (6)
relates the function c1(y) to a0(y) ≡ a(0, y). Substituting B from Eq. (8) into Eq. (6) we
find
0 = ∂y
(
A 5
√
2− 5a2w − 10aww
)
≡ ∂y
([
A
(
2− 5a2w − 4aww
)]5
c1(y)
)
. (13)
The term in the last parenthesis, e5c0 ≡ [A (2− 5a2w − 4aww)]5 c1(y), is independent of w, as
can be checked by showing that its w-derivative is proportional to Eq. (12). Then Eq. (6)
is equivalent to c0 = const. We can calculate, with η = sign (2− 5a2w − 10aww) = ±1,
c1(y) =
exp 5[c0 − a0(y)]{
3
5
(2− 5σ2) + 2
5
η exp 5
2
[c0 − a0(y)]
}5 . (14)
We have found all stable embeddings of a 4-brane with tension σ satisfying the Ansatz
in terms of the arbitrary constant c0, the sign η and an arbitrary function a0(y). The latter
specifies the factor A in the induced metric on the brane.
The unique solution of Eq. (12) can be written in an implicit form as follows. First
introduce the quantity v(y, w) = 3
5
2−5a2w
2−5a2w−4aww , which can be found from solving the fifth
order equation (2 − 5τ 2)3c1(y) = v3(v − 1)2 in terms of τ ≡ aw and c1(y) ≡ 4×2755 c1(y); this
is actually a rewriting of the definition of c1(y). Multiple solutions of this equation will lead
to the different solutions mentioned in the introduction. Using the result we calculate the
integral
w =
∫ aw(w,y)
−σ
dτ
r(τ, y)
with r(τ, y) ≡ aww = 3
20
(2− 5τ 2)
(
5
3
− 1
v
)
, (15)
which determines aw as a function of w, y. Integrating it, a(w, y) = a0(y) +
∫ w
0 aw(w, y)dw ,
provides us with the function A(w, y) ≡ exp a(w, y). The function B(w, y) is then found
from Eq. (8).
The various solutions we are finding contain a great deal of redundancy that can be
absorbed into coordinate transformations. A redefinition of the scale of the xµ coordinates,
xµ → λxµ changes only A→ λ2A, a0 → a0 + 2 log λ, c0 → c0 + 2 log λ. This freedom can be
used to set c0 = 0.
The remaining freedom in arbitrarily choosing the function a0(y) locally corresponds to
a coordinate transformation y → y(y). This can be seen from the fact that as long as
a′0(y) 6= 0, the unique choice y(y) = A(0, y) provides A(0, y) = y and the solution has no
more continuous parameters left.
Instead of the above choice of the y coordinate, however, we find it more instructive to
use coordinates in which the induced metric is conformally flat, i.e. A(0, y) = B(0, y). Such
6
coordinates always exist and can be found from any solution by the coordinate transforma-
tion to y =
∫ y√B/Ady. Now expressing ay from Eq. (11) and using the definition of c0
together with Eq. (14) we find (for w=0)
Ay = ±
√
2− 5σ2
5
A3 +
2
15
η e
5
2
c0
√
A. (16)
Using the variable u(y) = u0/
√
A(0, y) with u0 = −η exp
c0
2
5
√
3
2
(2−5σ2) we write this in the form
(
du
dy
)2
=
(
2− 5σ2
20
u20
) (
1− u5
)
. (17)
Note that, only on the brane,3 the variables u and v are related by 1− 1
v
= u5.
A. Classification of the solutions
The various cases can be best understood by following the change of v in Fig. 1 as we
move along the brane. In the case A when σ2 > 2
5
, only u > 1, i.e. v < 0 can satisfy Eq. (17).
It has one solution, unique up to a translation of the y-coordinate,
u(y) = Fs

y × u0
√
5σ2 − 2
20

 i.e. A(0, y) = u20
F 2s
[
y × u0
√
5σ2−2
20
] , (18)
where the special function Fs(y) is defined as the solution of |y| =
∫ Fs
0
du√
u5−1 , see Fig. 2.
The conformal factor of the induced metric, A(0,y) has a maximum at y = 0 and vanishes
at y = ±y∗ = ±y∗u0
√
5σ2−2
20
. By direct calculation of the curvature of the induced metric
one can establish the asymptotics, R[g
(5)
ab ] ∝ (y∗ ∓ y)−
10
3 . The induced metric has curvature
singularities at these points which are easily seen to be at finite proper distance.
When σ2 < 2
5
we must have u < 1, i.e. v > 0 to satisfy Eq. (17). Again, we the solution
can be written in terms of a special function as
u(y) = Fl

y × u0
√
2− 5σ2
20

 i.e. A(0, y) = u20
F 2l
[
y × u0
√
2−5σ2
20
] , (19)
where the special function Fl(y) is now defined as the solution of |y| =
∫ 1
Fl
du√
1−u5 , plotted
in Fig. 3. In the two equivalent regions where Fl < 0, case B, u is negative and 0 <
v < 1. The conformal factor of the induced metric A(0, y) tends to zero at a curvature
singularity at y → −y∗, located at finite proper distance, and the scalar curvature diverges
3The general relationship is 1− 1v =
(
u2
0
A
) 5
2 2−5σ2
2−5a2w .
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A B C
0
u
v
v (1-v) =(2-5τ ) c (y)23 2 1
_
1
0 +1+∞+1
-1
−∞
FIG. 1. The algebraic equation whose solution determines the metric. The simultaneous change
of the variable u, defined on the brane only, is shown, together with the various cases discussed in
the text. v = 0 is a curvature singularity and v = 1 is an AdS horizon.
as R[g
(5)
ab ] ∝ (y − y∗)−5. The function A(0, y) increases with y and at y → −y⊙ diverges.
The asymptotics is A(0, y) ≈ 20
2−5σ2
1
(y+y⊙)2
, corresponding to an asymptotically AdS5 induced
metric. Consequently, the point y = y⊙ is at infinite proper distance away, and the regions
B and C should be understood as different solutions. In the region −y⊙ < y < y⊙, case
C, the conformal factor has a minimum and at the edges it diverges. The solution in this
region sees AdS horizons in both directions.
The definition of c0 according to Eq. (13) supposes that the solution is not maximally
symmetric, 2− 5a2w− 10aww 6= 0. If it is, corresponding to c0 → −∞, we have a fourth type
of solution [4,5]. This case D corresponds to v(w, y) ≡ 1 as one can see from the relation
1
v
− 1 = 2
3
2−5a2w−10aww
2−5a2w → 0. In terms of Fig. 1, the solution is “sitting” in the AdS point. In
our coordinates its form is
ds2 = dw2 +
2− 5σ2
2
cosh2

 w√
10
+ arctanh


√
5
2
σ



×

dy2 + ηµνdxµdxνey
√
2−5σ2
5

 . (20)
The induced metric on the brane is obviously AdS5, as it should be.
The solutions we were finding for fixed values of σ represent 6-dimensional spacetimes
with an embedded 4-brane. They have no parameters (other than σ) that could not be
absorbed into coordinate redefinitions. We will see in the next section, that different values
of σ actually correspond to embedding branes with different tensions in the same bulk metric
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0u0
2
y
A(0,y)
-y
*
1
0 y
_
F (y)l
 y
*

y
*
_
-y
*
_
FIG. 2. The special function Fs(y) is defined for −y∗ < y < y∗, y∗ ≈ 0.911. Also plotted is the
conformal factor A(0,y) of the induced metric in case A, ds2 = A(0, y)
[
dy2 + ηµνdx
µdxν
]
. The
points y = ±y∗ correspond to curvature singularities.
and there are only three solutions altogether, corresponding to the cases A,B,C above. No
4-branes can be embedded (within the confines of the metric Ansatz of Eq. (1)) in any other
6-dimensional spacetime.4
In the exceptional case when A(0, y) = const. along the brane it is not hard to see that
there is no solution to our equations.
B. A note on localization of gravity to the brane
In the brane GNC’s we are using, the large-w asymptotic behavior of the functions A
and B can be better understood in the form
A(w, y) ∝ B(w, y) =

1−
√
5
2
σ
2


2
e
√
2
5
w +
1
2
(
1− 5
2
σ2
)
+

1 +
√
5
2
σ
2


2
e−
√
2
5
w. (21)
Far from the brane the first term dominates and evidently deconfines gravity. The form of
the metric in the Randall-Sundrum model [1] is
4Excluding, of course, the case of a “fine tuned” brane, σ2 = 25 , that we do not consider here.
9
0u0
2
y
A(0,y)
yo.-yo.-y*
1
0
-y
*
_
-y0
_ y0
_
y
*
_ y

_
F (y)l
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FIG. 3. The special function Fl(y) is defined for −y∗ < y < y∗, y∗ ≈ 2.804. It is analytic
at y = 0. Also plotted is the conformal factor of the induced metric in cases B,C. The points
y = ±y∗ correspond to curvature singularities, while y = ±y⊙ (y⊙ ≈ 1.254) are infinitely far away
and represent AdS horizons. The two regions with negative Fl are related by a y → −y coordinate
transformation.
ds2 = dw2 − ηµνdxµdxνe−2kw, (22)
and the quick fall-off of the “warp factor” e−2kw is essential in localizing gravity to the brane
(at least in the limit where the Kaluza-Klein excited modes can be neglected). What is
happening?
The resolution of the paradox hinges on two points. First, observe that a change in
σ corresponds to a shift in w, in addition to rescaling y and xµ, so that a brane with a
different tension could be placed parallel to the original one in the same bulk. The RS brane
corresponds to σ2 → 2
5
, i.e. it is infinitely far away in w. The σ → σc limit is not smooth.5
Now consider a brane with tension just smaller than the fine tuned value, σc − σ ≪ σc.
The behavior of the functions A,B for increasing w is first governed by the second term,
the warp factor falls off and there is brane-localized gravity. By the time the exponential
compensates for the smallness of its coefficient and the first two terms start to dominate,
the warp factor is already O
(
1−σ/σc
2
)
≪ 1. It will grow again exponentially.
Second, the argument in [1] that leads to localization involves a Kaluza-Klein reduction,
5That the limit is not smooth can also be seen in conformal coordinates, ρ > 0, −∞ < z < +∞,
ds2 = 10
ρ2
(
ηµνdx
µdxν + dz2 + dρ2
)
. The original w coordinate corresponds to the new angular
coordinate. The branes are radial straight half lines in the (z, ρ) plane while the fine tuned brane
is along ρ = 0, z > 0. The limit is not smooth because the metric diverges as ρ→ 0.
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i.e. dropping the brane-orthogonal components of the metric (such as gww, gwµ), in addition
to the Kaluza-Klein expansion of the brane-tangential modes (i.e. gµν). While close to the
brane the separation of modes into brane-orthogonal and brane-tangential makes sense, far
away it has no covariant meaning. The actual separation and large-w behavior depends on
the details of the model that explains the Kaluza-Klein reduction and cannot be expected to
be faithfully represented by the general framework of [1]. One may conjecture by the same
token that the increase in the warp factor is unphysical and should be thrown away.
In any case the conclusion remains that in any scenario where the brane tensions are not
close to their fine tuned values does not automatically provide localized gravity. In order
to make a coordinate invariant statement one needs to restrict to such coordinates in which
the thrown-away modes (gww, gwµ) are massive. It cannot be decided without the explicit
identification of these modes whether the warp factor along the resulting y = const lines
shows the same behavior as Eq. (21). This is equally relevant for codimension one branes
in five dimensions.
In this respect our most interesting solution, C, which has no curvature singularities,
can be seen to have the asymptotic behavior
A(w, y) ≈ function(y)× e
√
2
5
|w|

1 + 21 +
√
5
2
σ
1−
√
5
2
σ
e−
√
2
5
|w| +O
(
e−
√
2
5
|w|
)2 , (23)
the same as the asymptotics of the known AdS solutions.
III. INTERSECTING BRANES
In the previous section we found all possible embeddings in GNC of the 4-brane. This
still does not answer the question whether another brane can be inserted in the same bulk
because for intersecting branes the two GNC’s certainly do not co¨ıncide. In the CNC of one
brane the other will not in general be straight. We were not able to solve the equations for
the branes in closed form, but we could (almost) show their existence/unicity, and determine
the relationship between the angle of intersection and the brane tensions.
We start with one solutions which permits a 4-brane with tension σ located at w = 0,
keeping the W > 0 half brane. If effect we are considering a half-brane at y ≥ y0, and
looking for another half-brane with tension σ˜, starting off at some angle 0 < φ < +∞,
and keeping a wedge between them as shown in Fig. 4 (the wedge metric will of course be
2pi-periodic if φ > 2pi.)
The condition for the stability of the σ˜ brane is again the Israel condition Kab = +
σ˜
2
hab,
where the opposite sign is due to the fact that this time we are keeping the bulk to the
opposite side of the brane. We describe the brane with a pair of functions
w˜(λ), y˜(λ) with w˜(0) = 0, y˜(0) = y0 and 0 ≤ λ <∞. (24)
The Israel conditions become
2
(
¨˜y ˙˜w − ¨˜w ˙˜y
)
+ by ˙˜w ˙˜y
2
+ bw ˙˜w ˙˜y
(
2 ˙˜w +B ˙˜y
)
=
σ˜√
B
(25)
ay√
B
˙˜w − aw
√
B ˙˜y = −σ˜ (26)
11
ϕ σ
σ
_
y
w
FIG. 4. Cutting off a wedge with angle φ. The vertical lines are the geodesics orthogonal to
the σ brane.
with B = eb, where we fixed the λ variable by requiring
˙˜w
2
+B ˙˜y
2
= 1. (27)
Now Eq. (26) can be viewed as a first order differential equation for the function w˜(y˜)
with initial conditions set by w˜(y0) = 0 and by Eq. (27). Up to a discreet ambiguity, this
system has a unique solution. We could not show in complete generality that Eq. (25) is
a consequence of Eq. (26), we expanded the solution of Eq. (26) in a power series around
λ = 0 keeping terms up to O(λ5) and saw that they did indeed satisfy Eq. (25), up to O(λ3).
(The loss of two powers of λ is due to the three derivatives figuring in Eq. (25).) We take
this as an indication that Eq. (25) is indeed not an independent equation.
We can define the angle between the in a covariant way by requiring cos φ = nag
abn˜b,
where na and n˜b are the unit normals of the branes at the intersection. In our coordinates
we find (sinφ| cosφ) =
(
˙˜w
∣∣∣√B ˙˜y)
λ=0
. Then, substituting this definition into Eq. (26) we see
that the brane tension and the position of the junction (i.e. y0) determines the angle:
ay√
B
sinφ+ σ cosφ+ σ˜ = 0. (28)
A trivial check of this calculation is that φ = pi, σ˜ = σ is always a solution: the brane can
always be continued across the point y0 = 0. We also see that once Eq. (28) is satisfied,
there is one unique solution to Eqs. (25-27).
Before discussing the solutions to Eq. 28 we look at the induced metric on the σ˜
brane. A simple substitution shows ds˜2 = dλ2 + Aηµνdx
µdxν , which can be written
in a conformally flat from by introducing the new variable Y =
∫ λ
0
dλ√
A
along the new
brane: ds˜2 = A (dY 2 + ηµνdx
µdxν). Note that the xµ coordinates did not have to be
rescaled, and the conformal factor A is the same at the junction in the two induced
metrics. The bulk metric can now be written in GNC’s of the σ˜ brane in the form
ds2 = dW 2 + B˜(W,Y )dY 2 + A˜(W,Y )ηµνdx
µdxν ; we know A˜(0, Y ) = B˜(0, Y ) = A(w˜, y˜).
But this must be one of our previously found solutions which comes with its v˜(W,Y ) func-
tion. A direct calculation of v˜(0, 0) gives, using Eq. (28), and observing v = 2−5σ
2
5
B˜
a˜2
Y
12
V˜ ≡ σ˜2 + 2− 5σ˜
2
5 v˜(0, 0)
= V ≡ σ2 + 2− 5σ
2
5 v(0, 0)
. (29)
In other words, the quantity V must be the same on the two sides of the wedge.
It will prove important to note now that once σ˜, v˜(0, 0) and A˜(0, 0) are specified as they
are, there are only two possible induced metrics on the new brane. The ambiguity results
of the two ways to invert the functions Fl,r and can be resolved by also specifying the sign
κ˜ = sign a˜Y (0, 0) = ±1. Then we will be able to argue that any two induced metrics with the
same σ, v(0, 0), A(0, 0) and κ co¨ıncide. This will be the situation when a number of wedges
is pasted together around one 3-brane.
ϕ
ϕ
_
σ
σ
_
null 
bran
e
FIG. 5. Cutting out a wedge between two branes with tensions σ and σ˜. The double arrow
shows the direction in A increases.
The solutions of Eq. (28) can be visualized by the following auxiliary device. It is always
possible to find a unique solution φ = −ϕ to Eq. (28) with σ˜ = 0, also requiring κ˜ = +1.
This corresponds to a “null brane” represented in Fig. 5. It is not hard to see that we could
have started with the null brane and looked for the angles at which the two σ, σ˜ branes to
cut out the wedge. The equations for their angles become
ay√
B
sin ϕ˜+ σ˜ = 0 and
ay√
B
sinϕ+ σ = 0, (30)
where ay√
B
=
√
V now refers to the null brane. The solutions that give the correct sign for
the ay’s are, with −pi2 ≤ arcsin ≤ pi2 ,
ϕ = pi
1− κ
2
− κ arcsin σ√
V
+ 2piN and ϕ˜ = pi
1− κ˜
2
− κ˜ arcsin σ˜√
V
+ 2piN˜. (31)
Based on the “compatibility” of different branes, the possible setups can be classified as
follows. It is not possible to move along any brane from one category to another.
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• 0 < V < 2
5
, only branes with below critical tension, σ2 < 2
5
can be used, all type C
(i.e. v > 1) with no curvature singularity. The angles are determined by the tensions
and the parameter V which is fixed in any one junction but varies from junction to
junction
• V = 2
5
, the spacetime is AdS6, only type D branes with below critical tension, σ
2 < 2
5
can be used. The angles are determined by the tensions and there is no additional
parameter.
• V > 2
5
, one can accommodate both type B branes with 0 < σ2 < 2
5
and type A branes
with σ2 > 2
5
. There is again a parameter V in the junctions. All induced metrics
contain curvature singularities.
IV. SAWING TOGETHER THE WEDGES
Any combination of intersecting branes with angles between them set according to
Eq. (31) represents a stationary point of the action in Eq. (3). The V are parameters
of the solution, one at each intersection. We must make sure, however, that a globally
defined metric exists when the pieces we have discussed are sewn together.
Each brane carries orbifold boundary conditions, which are easiest to state in GNC’s:
we identify points with the sign of the corresponding coordinate w flipped. This allows at
most two different sets of 4-brane tensions (σ) in each intersection: every second one most
be equal. The corresponding signs κ should also be chosen equal. In we join an odd number
of branes in one intersection, then all must have the same σ and κ.
When n = 1, 2, . . . branes intersect along one 3-brane, the n+1th one must be identified
with the first one. There are two conditions that must be met for consistency. (i) The induced
metric on the 3-brane must be the same for all wedges. This condition is always satisfied
because the functions A(0, 0) are always the same and no rescaling of the xµ coordinates was
necessary. (ii) The induced metric on the n+ 1th brane must be identical with the induced
metric on the 1st. This condition is again automatically satisfied because, as we saw, the
equality of V,A, κ and σ is sufficient for that.
In the following we consider a case with one positive tension 4-brane with two junctions
around which the brane is identified with its own reverse side, shown in Fig. 6. We require,
due to the effectively two dimensional gravity on the w, y plane, an excess angle 0 < λ < pi.
This is possible only with κ = −1; and in order to have no curvature singularities, we will use
type C branes. Because then a0(y) must increase towards both “junctions”, it must have a
minimum (at y = 0) on the brane between then. Using the excess angles λ1,2 as parameters,
Eq. (31) tells the parameter (on each end separately) V = σ
2
sin2 λ
2
. Because for the C type
branes V < 2
5
, we can accommodate only an excess angle at least as large as sin λ
2
>
√
5
2
σ.
The 3-brane tension cannot be much smaller than the 4-brane tension. In brane GNC’s the
conformal factor is A(0, y) = F−2l
[
y
√
2−5σ2
20
]
, shown in Fig. 7. We calculated the position of
the two ends of the brane, with the result
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ϕ ϕbrane 1
brane 2
brane 2
brane 1
(a) (b)
(c)
FIG. 6. The illustrative geometry of the brane strip. In (a), the angles are distorted so that in
actuality ϕ > 1800, while in (b) the angles are correct but the bulk is shown partially overlapping.
The spirals show the part of the bulk that is retained. Finally, the two branes are identified as
in (c). The double arrows show the direction in which A increases. In (c) some of the brane
orthogonal geodesics are shown (these represent the y = const. lines in brane CNC).
yj =
(−1)j√
2−5σ2
20
∫ 1
uj
du√
1− u5 with j = 1, 2. (32)
The proper distance of the endpoints from the origin is
lj =
(−1)j√
2−5σ2
20
∫ 1
uj
du
u
√
1− u5 with uj =

 2 sin2 λj2 − 5σ2
(2− 5σ2) sin2 λj
2


1
5
. (33)
Consistency requires that this distance should be l ≫ 1 (otherwise the underlying field
theory description of gravity is not justified). This requires that the 4-brane tension not be
much smaller than λ and also either 2− 5σ2 ≪ 1 or 0 < sin λ
2
−
√
5
2
σ ≪ 1.
The presence of a vacuum energy density on the 3-brane requires the proper amount of
excess angle. When this relationship is not satisfied, our Ansatz does not give a solution:
the induced metric on the 3-brane is not flat any more. It is a trivial exercise to derive
the equations of motion when a maximally symmetric but not flat 4-dimensional metric is
allowed, i.e. −dt2+dx2 is replaced by −dt2+dx2e2ht in Eq. (1). We find that Eqs. (9,12) are
not modified, so that the function A(w, y) is not modified. The modification occurs because
Eq. (11) gets replaced by
B =
3a2y
2− 5a2w − 4aww + 12h2A
, (34)
so that B(w, y) changes. This change also affects the intersection angles,
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A(0,y)
yy1 2y
0
1
FIG. 7. The conformal factor along the brane strip.
tan2 ϕh
tan2 ϕ
=
V
V + 4h
2
A
. (35)
If the “mistuning” is little, δλ = λh − λ = 2(φh − φ) ≪ 1, the result is a small h2 =
− AV
2 sinλ
δλ. This translates to a small observable Hubble constant (the induced metric must
be brought to the form ds24 = −dt′2 + dx′2e2Ht′ , H = h/
√
A),
H2 = − σ
2
sin2 λ
2
× δλ
2 sinλ
. (36)
Given that λ cannot be made much smaller than σ, any sizable “mistuning” of λ would
result in a Hubble constant on the 6-dimensional Planck scale.
Up to this point however, we have not required any fine tuning. The 4-dimensional
vacuum density, through the topologically required conical singularity of the metric enforces
the adjustment of the parameter V to its required value. However, when a 3-brane tension
is added to the action,
S[g] =
∫
bulk
(Λ6 − 2M46R[g]) +
∫
4−brane(s)
Λ5 +
∫
3−brane
Λ4, (37)
the added term can be written as∫
3−brane
Λ4 = Λ4 A
2(0, 0)
∫
3−brane
d4x. (38)
In order to avoid that the spacetime collapses onto the point where A(0, 0) is minimum, i.e.
y = 0, additional repulsive interactions have to be introduced. Their strength has to be fine
tuned to ensure that the equilibrium length of the 4-brane is that of Eq. (33).
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V. CONCLUSIONS
The main result of this paper is that there exists embeddings of 4-branes in less than
maximally symmetric 6-dimensional spacetimes that preserve 4-dimensional Poincare´ invari-
ance. Then different points on the 4-brane are not physically equivalent as they were in the
AdS case. The angle between intersecting branes, in any fixed intersection point, is always
determined by the nondynamical parameters through the Israel conditions Kab = −σ2hab.
We saw that there is no obstacle to building a global metric around the intersection and
the additional parameter can be translated to an arbitrary excess angle. We also saw that
there is no solution (without fine tuning the 4-brane tensions) with constant warp factor
along the 4-brane. As a consequence, as we illustrated on a simple example, a 3-brane with
tension tries to “move” to the mininum of that warp factor and additional interactions are
needed to stabilize the 3-brane. We note that in all suggested solutions to the cosmological
constant problem [10–12] in brane contexts some sort of tuning of the bulk interactions has
been required.
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